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(2) Total — Totals Index (TT)
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(2) CIN (Convective Inhibition)
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So far, we discussed static instability (vertical acceleration)
through parcel theory
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@a2km

wide warm bubble

narrow warm bubble

""" N Wm

1. pressure perturbation

Figure 3.1 A comparison of the perturbation pressure (p’) fields and zonal (u) and vertical (w) velocity components for
the case of a wide warm bubble (left panels) and a narrow warm bubble (right panels) released in a conditionally unstable
atmosphere in a three-dimensional numerical simulation. The contour intervals for p’ and the wind components are 25 Pa
and 2m s~!, respectively (dashed contours are used for negative values). Potential temperature perturbations (¢’) are
shown in each panel (refer to the color scale). The horizontal and vertical grid spacing is 200 m (the domain shown above
is much smaller than the actual model domain). Both warm bubbles had an initial potential temperature perturbation of
2 K and a vertical radius of 1.5 km, and were released 1.5 km above the ground. The wide (narrow) bubble had a horizontal
radius of 10 km (3 km). In the simulation of the wide (narrow) bubble, the fields are shown 800 s (480 s) after its release.
The fields are shown at times when the maximum buoyancies are comparable. Despite the comparable buoyancies, the
narrow updraft is 20% stronger owing to the weaker adverse vertical pressure gradient.



2. entrainment
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3. hydrometeors
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4. subsidence
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Centrifugal Instability (horizontal acceleration)

The equations of horizontal motion in cylindrical coordi-

nates are

A
o
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Figure 3.4 A cylindrical tank of spinning fluid, spinning
at an angular velocity of Q = v/r.

du ap & v? (3.19)
—_— = —p— + — i
dt Y o 4
d 0
LU (3.20)
dt a6
If we assume pressure field is symmetric,
du p M
— = —0p— + — .21
dt (04 a7 s p ?‘3 ( )
dM
= (3.22)
dt

the angular momentum M = vr,



Let us define a mean state and consider its perturbations

Let us define a mean state such that no radial accelera-
tion exists and the horizontal pressure gradient force and
centrifugal force balance each other:

e
0 M
0 . (3.23)

or r3

Subtracting (3.24) from (3.22) gives
F -
M (3.24)
where p=p+p  and M =M + M'. If we neglect the

effects of the perturbation pressure gradient, as is done in
parcel theory, we obtain

du 1 -
d_’: = (M’ - M), (3.25)

The square of the mean angular momentum at the location
of the displaced ring is (using a first-order Taylor series
approximation)
4’
M =M+ ——Ar, (3.26)
r

where M, is the value of M at r = r,. Also, because M? is
conserved, its value for parcels within the displaced ring is

M? = M}; (3.27)

thatis, a ring of fluid in equilibrium at r, retains its M? when
displaced to ryp + Ar. Therefore, for small Ar, and noting
that du/dt = d(dr/dt)/dt = d*>Ar/dt?, (3.25) becomes

&EAr M2

= 3.28
dt? (ro + AT)3 ( )
dM”
M2 — <M3-+ e Ar)
R > (3.29)
o

1 dM°

= —— Ar. (3.30)
¥ dF

The general solution of (3.31) is

Ar(t) = Cieln 7 +Coe L0 7 . (3.31)
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Inertial Instability (horizontal acceleration)

Let us consider the simple case of a zonal geostrophic
wind that varies in the north-south (y) direction, that is,
ug = ug(y) and vy = 0. Using a similar methodology as for
the centrifugal stability analysis, we start with the horizontal
equations of motion in Cartesian coordinates. In this case,
they can be written as

% = fv (3.32)
d
d—l; = f(ug — u). (3.33)

The variables u and v are the actual velocity components,
which may include an ageostrophic component.
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du

= = (3.32)
d
d_l: = f(ug — u). (3.33)

The variables u and v are the actual velocity components,
which may include an ageostrophic component.

7

If the tube is displaced northward or southward, the
new zonal velocity for a parcel within the tube will be, via
integration of (3.34),

u=uy+fAy. (3.36)

Most readers are probably familiar with the above result
in that it implies that a parcel moving northward (south-
ward) is accelerated eastward (westward) owing to the

Because v = dy/dt, we can rey Ay(t) = Clei[f(

The term f — dugy/dy is the absolute geostrophic vorticity ~[rentum.
(recall vg = 0, so there is no dvg/dx term in the relative
vorticity), and the general solution of (3.39) is

1e location of the displaced tube
laylor series approximation)

+ —SAy. (3.37)

) . ug \11/2
N e SN Gany | 7

>

initial pressure field and, cor-

du B dy (3.30)
de 7 dt '
d2A
- = flug — ), (3.35)

where Ay is the horizontal displacement distance from the
initial position (i.e., y = yp + Ay at some future time; thus,
dy/dt can be written as dAy/dt).

Tesponaingly, the geostrophic wind, is not altered by the
displacement of the tube. By subtracting (3.36) from the
above expression, we obtain

dug
Ug — U = 8_}/ — 1 1 Ay, (3.38)

and using (3.36), we obtain

d*Ay
dr?

+f< —%>A =0 (3.39)
3y y=0. .
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Figure 3.5 Top, the inertially unstable case, as dis-
cussed in the text. The parcel has been displaced
northward, from point A to point B, as indicated by
the dashed arrow. For clarity, only one parcel within the
tube of displaced parcels is shown. Bottom, the inertially
stable case.



balance, we define the geostrophic absolute momentum (or
geostrophic pseudoangular momentum) as

= ug — fy. (3.42)

By inspection of (3.41) and noting that

Wi - PR s - (3.43)

inertial instability 1s present when d M, /dy > 0. In this case,



' The term symmetric instability appears to have originated from studies
of centrifugal instability in a rotating tank with baroclinity carried out
by H. Solberg (circa 1930). A symmetric flow is one in which the base
state and perturbations only vary in two dimensions.

Symmetric Instability (horizontal acceleration)

Air parcels can be both statically and inertially stable (1.e.,
in hydrostatic and geostrophic equilibrium, and therefore
in thermal wind balance), but can be|unstable|to displace-
ments along a path that is slanted with respect to the
horizontal for certain distributions of geostrophic momen-
tum and potential temperature. This type of instability
is called symmetric instability.!! Before embarking on the
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Figure 3.9 Schematic meridional cross-section of isen-
tropic (blue) and geostrophic momentum surfaces (red)
in a symmetrically unstable atmosphere. A tube of parcels
that is displaced from position A toward position B expe-
riences a resultant acceleration that is directed away from
the original equilibrium position.
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Shear Instability (stability of parallel flows)

Figure 3.12 Billow clouds, which resemble breaking waves, are a visual manifestation of vertical shear instability (also
known as Kelvin-Helmholtz instability) when sufficient moisture is present. Photograph by Brooks Martner.

1200 UTC 17 April 1999 _ 1800 UTC 17 April 1999 0000 UTC 18 April 1999
3 [ W\ R o \a\\ ,:‘

Figure 3.13 Water vapor satellite imagery from 1200-0000 UTC 17-18 April 1999 revealing the development of a series
of vortices, most likely as a result of horizontal shear instability. (Adapted from Weinand [2000].)



Figure 3.14 This photograph of multiple waterspouts with a remarkably regular spacing strongly suggests that horizontal
shear instability may have played a role in their formation. The image was obtained off the coast of Italy during the early
spring of 2001. Photograph by Roberto Giudici.

time

Figure 3.15 Idealized numerical simulation illustrating the effects of inflection-point instability. Time advances from left
to right. Shading denotes vorticity magnitude. Warm (cool) colors indicate large (small) vorticity values. The mean wind
direction is indicated by the arrows in the first panel. If instability is present and the high-vorticity interface is perturbed,
the perturbation amplifies until the interface folds over on itself, leading to wave breaking and a transformation of what
was initially a linear corridor of large vorticity into discrete patches of large vorticity. (Adapted from numerical simulation

output provided by Brian Fiedler.)



(a) velocity vorticity vortex line evolution
(i) (ii) ) (iii) D
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Figure 3.18 Schematic of a displaced vortex line A in a two-dimensional parallel flow (a) without and (b) with an
inflection point in the velocity profile. The evolution of vortex lines is shown on the right. The sense of rotation induced
by a vortex line is shown with arrows, with the size of the arrows increasing with increasing vorticity magnitude. Frame
(i) shows the vortex line distribution immediately after vortex line A has been displaced. The light purple arrows indicate
the prior position of vortex line A and the direction of its displacement. Frame (ii) shows the motion of the vortex lines
initially at y = y» induced by vortex line A. The light purple arrows indicate the prior position of the vortex lines and the
direction of their motion. The rotation associated with two additional vortex lines influenced by vortex line A, originally
at y =y, 4+ Ay/2 and y = y, + Ay/2, is indicated with orange arrows (these vortex lines are not shown in (i) in order to
limit clutter). Frame (iii) shows the distribution of vortex lines a little later and the direction toward which vortex line A
is accelerated. (Adapted from Brown [1972b] and based on the explanation provided by Lin [1945].)
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Horizontal shear instability

Barotropic vorticity equation

i + it o0 L +vB8 =0 (3.68)
— Y— V— ()] = v, .
ot ox ay

Linearized version

’ +u ") veer + i a 0. (3.69)
—f Y —— 1 =0. :
gt ox) b dx 9>

M . . e A k .
Consider a wavelike solution ' = b(y)eltlx=)

Rayleigh equation

a‘zq), _kzcl)f_l_ ( — 3}/
dy? u—c

Necessary condition

027
dy?

—L
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Ci/ |®'|°

1 — c]?

)dyzO.

(3.76)
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Figure 3.20 Horizontal wind profiles stable and unstable to small perturbations. Inflection points in the wind profiles are
denoted with the letter I.” (Adapted from Kundu and Cohen [2008].)
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