oV
P[E““(V-V)V]

Change of velocity

Navier-Stokes Equations

Continuity Equation
V.-V=0

Momentum Equations

DV ’
Py = —VP+pi+uviV

Body force term Diffusion term

Total derivative Pressure gradient

Fluid flows in the External forces, that For a Newtonian

direction of largest act on the fluid fluid, viscosity
change in pressure. (gravitational force gperatesasa
orelectromegnetic).  diffusion of
momentum.
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Zonal-Average, Zonal-Wind (m/s)
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Meridional Overturning Circulation (10° kg/s)
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Pressure [mbar]

Zonal-Average Temperature (°C)
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Zaonal-Average Potential Temperature (K)
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Zonal-Average Specific Humidity (g/kg)
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Material Derivative

Do

o

Dt

ot

(v -V)p




Momentum Conservation




Mass Conservation

Dt

+pV -v =0,

ot

+V -(pv) =0




The Equation of State

P

PR T,




Thermodynamics Equation

DI :
ﬁ+paV-U—QT

DO

O

Dt




The Energy Budget

e o (20 v 1+e) |+ v [ov (3 )
— — : — =4,
35 [p(Zv +I1+d)|+V-]|pv 2v +I1+D+p/p

OoE
E+V-[U(E+p)]:0 ,




Extra terms for real atmosphere?

1. Coriolis force

2. Diabatic heating
3. Boundary flux
4. Dissipation



Sound Wave

We now consider, rather briefly, one of the most common phenomena in fluid dynamics, yet
one which is in most circumstances relatively unimportant for geophysical fluid dynamics
— sound waves. Their unimportance stems from the fact that the pressure disturbance
produced by sound waves is a tiny fraction of the ambient pressure and too small to affect
the circulation. For example, the ambient surface pressure in the atmosphere is about 10° Pa
and variations due to large-scale weather phenomena are about 10° Pa or larger, whereas
sound waves of 70 dB (i.e., a loud conversation) produce pressure variations of about 0.06 Pa.
(1dB = 20log,o(p/p,) where p, = 2 x 10~°Pa.)

The smallness of the disturbance produced by sound waves justifies a linearization of the
equations of motion about a spatially uniform basic state that is a time-independent solution
to the equations of motion. Thus, we write v = vg + V', p = pg + p’ (Where a subscript

0°p’

vy = T g




Boussinesq Equations

The simple Boussinesq equations are, for an inviscid fluid:

Dv

momentum equations: D + fxv=-Va¢ + bk, (B.1)
mass conservation: Y -1 =0, (B.2)
Db

buoyancy equation: = b, (B.3)

Dt



Anelastic Approximation

Dv

— =kb; —V
Dt+2[)><v ] ¢
Db,
=3
Dt

V- -(pv)=0




Hydrostatic Balance

Moist Static Energy

Pressure coordinate




Pressure Coordinate




Geostrophic Balance
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1 op

p oy




Hydrostatic + Geostrophic = Thermal Wind

pressure coordinates. For the anelastic equations, geostrophic balance may be written

. . < . e 149
e 9 s s s
Combining these relations with hydrostatic balance, 0 p/0z = b, gives
_favg:_ab:_ 1 0ob
0z 0x acosA dA (2.205a.b)

faug . _ob . _1db
0z oy a o9




pressure coordinates. For the anelastic equations, geostrophic balance may be written

. e 9 . 9 109
e . )
Combining these relations with hydrostatic balance, d p/0z = b, gives
_fa’ug _ 0b _ 1 ob

82 0x dcosAo)
du, _ob __10b

oz 0y aod9

(2.2054a,b)

Zonal-Average Potential Temperature (K)
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Zonal-Average, Zonal-Wind (m/s)
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Lapse rates in dry and moist atmospheres

L 20 oT
stability : 35 > 0; or g 7o « 1y

oT T30 g  Dry e 5
aZ 9 aZ Cp ’ instability : e <0 or oo > I,

1s given by
Y
lg = o |
p Moist

. dr g 1-pL.@w/op)r g 1+Lws/(RT)
T dz e 1+ (Lefep)(@ws/8T)y  €p 1+ L2ws/(c,RT2)




Gravity Waves

Let us consider a Boussinesq fluid, initially at rest, in which the buoyancy varies linearly with
height and the buoyancy frequency, N, is a constant. Linearizing the equations of motion
about this basic state gives the linear momentum equations,

ou’ o’ ow’ o’ /

5 Bx B @m0 P-e5Sa,)
the mass continuity and thermodynamic equations,

ou" ow’ ob’ -

o + S = 0, o5t +w' N° =0, (2.2464a,b)

where for simplicity we assume that the flow is a function only of x and z. A little algebra
gives a single equation for w’,

02 02\ 02 02
N’— |w' =0.
[(ax2 i 522) oz " ax2] v
Seeking solutions of the form w’ = Re Wexpl[i(kx + mz — wt)] (Where Re denotes the real
part) yields the dispersion relationship for gravity waves:

(2.247)

,  Kk2N?

w- = ——
k? +m?

(2.248)

Scaled Frequency (w/N)

0.5r

2 3
Scaled wavenumber (k/m)




Governing Equations in WRF model

2.2 Flux-Form Euler Equations

Using the variables defined above, the flux-form Euler equations can be written as

0U + (V- Vu) + pgad,p + (a/aq)0,p0.0 = Fyy
o0,V + (V- Vu) + ugad,p + (a/0g)0,pdyd = Fy
OW + (V- V) — gl(a/aq)0hp — pa] = Fw
Sl

B b b f i B D
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=~ =
— — ' O~ " ~—r —r
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Numerical Scheme

af .. fxo+ Ax) = f(xo0)
3-;(1?0) = Al;r_nm Ax ’
ﬂ(x)_ | f(x0) — f(x0 — Ax)

dx gt Ax—0 Ax ‘

af . fxo+ Ax) — f(xo — Ax)
E;(x(]) - AIJEO 2Ax '

See Dale R. Durran (1998): Numerical Methods for Wave Equations in Geophysical Fluid Dynamics



ZWjupyterlab pythonfCIBE{NER

https://www.anaconda.com/ (&

SR IEId 2= anaconda
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dpythonZ;



https://www.anaconda.com/

Central Difference Scheme uprtt —uf N Cu?ﬂ —Uiy 0

dt 2dx

30 (a)t=2.5 (b)t=5.0

—— Numerical
2.5 —— True

2.0

1.5

1.0

0.5

0.0

-0.5

(d)t=10.0

-1.0




Downwind Scheme u}”l —u? u?+1 —u?

dt ‘T dx

3.0 a)t=2.3 TTTTTTTTTTTTITT TTTITTTT b)t=>.0

—— Numerical
2.5 —— True

2.0 R
1.5
1.0
0.5
0.04| || [Tt | T

-0.5

-1.0
3.0

2.5
2.0 L !
1.5
1.0
0.5

0.0




Upwind Scheme yntr _yn ul® —ul ,
=0
dt dx

(a)t=25 (b)t=5.0

—— Numerical
2.5 —— True

3.0

2.0
1.5
1.0
0.5

0.0 \—/

-0.5

-1.0
3.0

(a)t=75 (d)t=10.0

2.5

2.0

15

1.0

0.5

0.0

-0.5

-1.0



Von Neumann’s method for proving the stability of numerical scheme



If we only reduce time step dt

0.2 2e20
0.1 4el7
0.05 0.06

0.025 0.17



Courant-Fredrichs-Lewy (CFL) Condition

The CFL condition requires that the numerical domain of
dependence of a finite difference scheme include the domain of
dependence of the associated partial differential equation



Reduce dx and dt by scale times

1072

error

1073

51e-

10° 101 107
scale

04



Lax equivalence theorem
If a finite-difference scheme is linear, stable, and accurate of order
(p,q), then it is convergent of order (p,q) (Lax and Richtmyer 1956).

consistency + stability = convergence
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